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Abstract

A credit rating system is to classify obligors into K cohorts based on an assessment of their
credit risks. With the passing of time, any member in a static pool of obligors could migrate from
its current position to one of the K cohorts or two additional possibilities — default and other exit
— with different probabilities. Ideally, the probabilities defining this (K +2) by (K +2) migration
system should reflect the phase of a credit cycle. We propose such a stochastic rating migration
model constructed with a set of credit cycle indices to reflect market conditions both globally
and by sectors. We then use this rating migration model to deduce any forward point-in-time
(PIT) probabilities of default (PDs) that naturally become dynamic over time and reflective of
a specific forward period of interest. We apply this rating migration model on the time series
of the S&P global corporate migration data over the period of 2000-2015, and show how these
PIT-PDs change through different phases of a credit cycle. This rating migration model also
allows us to examine the stability of the implied through-the-cycle (TTC) PDs vis-a-vis the
historical measure of TTC-PDs for different rating cohorts at different points of time.
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1 Introduction

Credit relationships exist in many forms. From a corporate perspective, liabilities of a firm are credit
exposures of its counterparties. Loans, bonds, account payables, insurance policy obligations, and
derivatives exposures are some examples. Assets of a firm may also be subjected to credit risk.
They many consist of liabilities of other firms reflected in account receivables and other types of
credit claim on various obligors, for example, a bank’s loans to its borrowers. Credit exposures are
contingent claims with losses only occurring when some obligor defaults and the recover is not in
full. Risk managing credit exposures and/or properly accounting for them would not be possible
without deploying some credit risk models. In the banking context, the Basel capital regulations
has already made the modeling of bank credit risks an undertaking of great significance. The soon-
to-be implemented IFRS9/CECL! financial reporting standard is likely to be an even broader and
more impactful formal recognition of credit risk exposures of a firm.

Credit rating migration has been the subject of many studies; for example, Altman (1998) ex-
amined and compared the rating migrations reported by Moody’s and S&P over 1970-1996. Credit
rating migration has also been formally modeled with CreditMetrics™ of JP Morgan (1997) being
perhaps the best known earlier effort. The stochastic drivers in CreditMetrics™ are equity values
of the corporates in the pool where credit rating migrations occur when an individual obligor’s
standardized equity return moves across different rating thresholds that are deduced under a stan-
dard normal distribution coupled with the expected default rates for different rating classes. Under
such a model, credit risk correlations are naturally deduced from equity return correlations. The
obvious drawback of such an approach rests with its overreliance on equity values which are subject
to differences in leverage and liquidity, among other factors, critical to default. Also worth noting is
the fact that obligors in many credit portfolios are non-corporate or simply small and medium sized
firms without traded stock prices, and naturally the applicability of CreditMetrics™ will be limited.
Bangia, et al (2002) added business cycle into their model by conditioning rating migration matrix
on two regimes — expansion and contraction. Feng, et al (2008) described credit rating migration
through a factor probit model where the driving stochastic factor is latent with a time dynamic,
and the filtered latent factor path could then be used reveal the credit cycle. Other approaches
include Lando and Skdeberg (2002), Gagliardini and Gourieroux (2005), Mahlmann (2006), Fry-
dman and Schuermann (2008), Kadam and Lenk (2008), and Marcucci and Quagliariello (2009),
among others.

Credit exposures are often complex because a credit relationship my involve multiple payments.
In order to assess expected credit loss of a single debt instrument or a portfolio of debt obligations,
one must have forward default probabilities at the time of evaluation, corresponding to different
future periods, for that single obligor or all obligors in the portfolio. These forward probabilities are

!The TFRSY (International Financial Reporting Standard 9) is the International Accounting Standards Board’s
proposal to account for impairments of financial assets and it will become effective in 2018. The CECL (Current
Expected Credit Loss), on the other hand, started as a joint project of the Financial Accounting Standards Board
of the US with the International Accounting Standards Board, but the US accounting body later decided to go a
separate way with the CECL being scheduled to take effect in 2020.



known as point-in-time (PIT) probabilities of default (PDs) and need to be coupled with suitable
recovery rates to arrive at the final expected loss. Since the evaluation time can be at any phase
of a credit cycle, it is essential to have these PIT-PDs reflective of the credit cycle. Obligors may
have tendency to default together, and thus a good model should incorporate default correlations.
Most credit rating agency models and internal credit risk models of financial institutions address
an obligor’s credit quality in isolation, i.e., marginal default likelihood, and slot obligors into rating
cohorts, say, 10 categories. An obligor under such a rating system may migrate from one rating
category to another, known as credit migration. Recording the credit migration experience under
a rating system generates a historical series of realized credit migration matrices. These credit
migration matrices offer a wealth of information, but cannot be directly used to produce suitable
forward PIT-PDs needed for the purpose of assessing expected credit loss unless a suitable model
is developed. PIT-PDs are in sharp contrast with the through-the-cycle (TTC) ratings typically
adopted by credit rating agencies, which emphasizes credit ratings being a smoothed quantity over
a credit cycle.

We propose in this paper a new model that maps the historical time series of rating migration
matrices into a forward-looking stochastic PIT rating migration matrix for any future period of
interest. These stochastic rating migration matrices serve as the device for generating the forward
PIT-PDs and forward-looking TTC-PDs. The idea is to link the realized default rates and other-
exit rates of each rating cohort to a set of credit cycle indices, and these credit cycle indices are
captured by a dynamic time series model that exhibits concurrently global mean revision and local
momentum as proposed in Duan (2016). The exit rate from a static pool of obligors for reasons
other than default/bankruptcy is a factor whose importance should not be understated. Take the
S&P global corporate rating pool as an example, a corporate ceases to receive a rating due to
at least two reasons. First, a corporate may disappear simply because of a merger. Second, a
corporate with a low credit rating may opt out of rating because it no longer makes sense to pay
for a service that explicitly reveals its poor credit quality. In the case of internal rating system of a
bank, other exits may reflect a merger or simply a terminated borrowing relationship. The values
of the these credit cycle indices at various points of time are in our model the means to reflect the
phase of a credit cycle, and serve as the starting point for advancing the system forward into future
periods.

We implement the credit rating migration model using a set of credit cycle indices (reflecting
global and sectoral movements) similar to those of Duan and Miao (2015) where the PD and
POE (probability of other exits) data used in constructing these indices are taken from the Credit
Research Initiative (CRI) corporate PD database at the Risk Management Institute, National
University of Singapore. The credit rating migration data used in our demonstration are the S&P
long-term global corporate issuer rating migration rates extracted from the Furopean Securities
and Markets Authority (ESMA) database. The empirical results show that the S&P credit rating
migration can be sensibly captured by our model and used to generate informative PIT-PDs or
even TTC-PDs if needed. The forward PIT-PDs clearly exhibit a term structure effect and are
reflective of different phases of a credit cycle.



2 Credit cycle drivers and realized default/other-exit rates

Consider a rating/scoring system that classifies the extant non-default obligors into K cohorts with
1 being the highest credit quality and K the worst. In addition, defaulted obligors are put into
Cohort K+1. Since some obligors may leave the pool for reasons other than default, we must create
Cohort K + 2 to accommodate other exits to ensure internal consistency in rating migration. The
other-exit category captures those obligors becoming unrated due to, say, a merger/acquisition, or
a managerial decision to opt out of credit rating, or a termination of the extant lending relationship
initiated either by the lender or borrower, depending on the nature of an obligor pool.

In practice, realized default/other-exit rates over, say one year, are typically compiled. So, time
series of the realized rates for different cohorts are readily available. In the case of credit rating
agencies such as S&P, Moody’s, etc., these rates are released to the public. More often, these time
series are guarded as proprietary information with access only granted to in-house analysts. As
expected, these cohort-specific rates will evolve over time in a dynamic fashion reflecting different
phases of a credit cycle. We denote the default and other-exit rates for a static pool of obligors,
say, Cohort k, over 7 periods from (¢t — 7) to ¢t by D,(;t) and O,(Jt), respectively, whose values are
realized at time ¢. The credit cycle may be captured by some indices.

2.1 Credit cycle indices and their dynamics

We adopt the credit cycle drivers similar to the approach of Duan and Miao (2015), who used the
CRI corporate PD database at the Risk Management Institute, National University of Singapore
to generate monthly time series of median values of the one-month PDs and POEs (probabilities
of other exits) for the global corporate and 10 industry sectors where the sectors are set according
to the Bloomberg Industry Classification System.? One cannot meaningfully capture credit cycles
without explicitly factoring in corporate exits for reasons other than defaults/bankruptcies. This
becomes apparent by referring to Table 1 of Duan, et al (2012) where other corporate exit rates
are shown to be about 10 times default/bankruptcy rates for US public firms.

Each pair of the credit cycle indices (PD and POE), being the global or one of the 10 industrial
sectors, is assumed to follow a bivariate VAR(1) system with local momentum where the local
momentum feature is motivated by the model of Duan (2016). As our later empirical results reveal,
many of these credit cycle indices are indeed mean-reverting with local momentum but globally
stationary. We use the first pair, i.e., the global PD and POE indices, to describe the bivariate
system that is applicable to all other pairs. Note that the credit cycle indices are typically available
on a higher-frequency, and thus the running index may be over subperiods of length s; for example,
s = 1/6 when the credit cycle indices are on the monthly frequency whereas the rating migration
data runs on the semiannual frequency.

2The CRI PD and POEs are based on the forward-intensity model of Duan, et al (2012). For the technical details
on how these PDs and POEs are computed, readers are referred to NUS-RMI Credit Research Initiative Technical
Report Version: 2015 Update 1 in the reference list or see http://www.rmicri.org.



Denote the pair of the global credit cycle indices, i.e., global median PD and POE, by XO( )
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ny ~ or ng . According to Duan (2016), a negative (positive) value of w; ~ implies that In X
exhibits the local momentum building (preserving) feature while being globally stationary.® Nat-
urally, the same is true for w(go) and In X(()?). o is a 2-dimensional column vector and By is a

2 X 2 matrix. E(()?) and 5(()? are assumed to be two normal random variables with mean 0 and a

covariance matrix .

For the sectoral credit cycle indices, we first orthogonize them individually on their correspond-
ing global credit cycle index. Let the first sector pair of median PD and POE be denoted by Xﬁ))
(D)*

and Xl(?), respectively. We linearly project In X, (D) on X, (D)* and denote the residual by Xy ;"

and likewise, generate X, © ) by linearly prOJectlng ln X! t) on X, (O) . The model as in equation (1)

is then applied on X; (D) and X}g) . For the remaining sectoral index pairs, we follow the same
procedure and denote them by X-(?)* and Xi(f)* with i =2,3,---,10.

1,

Different from Duan and Miao (2015), we model the log-transformed median PDs and POEs
instead of performing their specific nonlinear transformation. In Duan and Miao (2015), the trans-
formed sectoral index pairs (PD and POE) are first orthogonized to the pair of transformed global
indices and then sequentially orthogonized to other sectoral index pairs. For an easier interpreta-
tion of the sectoral indices, we in this paper only orthogonize each of the log-transformed sectoral
index pairs on the global pair without performing further sequential orthogonizations. However,

3 Although we use simple moving average to define local momentum, the model of Duan (2016) allows for any kind
of weighted average. The parameter restriction needed for stationary of this bivariate system can also be established
along the line of Duan (2016).



we allow correlated residuals across different pairs of sectoral indices because the orthogonization
is only limited to the global pair.

The model in equation (1) for the global or sectoral index pairs can be straightforwardly esti-
mated when n(()D) and n(()O) are known. But these moving window lengths are actually unknown and
need to be estimated. Thus, we resort to the density-tempered SMC method as in, say, Del Moral,
et al (2006) and Duan and Fulop (2015) to tackle the estimation task. However, this estimation is
treated as a likelihood maximization problem rather than a Bayesian estimation with some prior
belief. Our density-tempered SMC estimation is similar to that of Duan and Wang (2016) where
the SMC procedure is started with an initialization sampler as opposed to a Bayesian prior distri-
bution. The presence of the two discrete unknown parameters are unique to our problem, however.

In our initialization sampler, n(()D) and n((]o) are treated as independent with equal probabilities

from 2 to some number large enough. As the SMC algorithm progresses, néD) and néo) will settle

on a small set of combinations with high likelihoods. We pick the (n(()D),ngO)) combination that
yields the highest likelihood value. For statistical inference on other model parameters, we narrow
our focus on the SMC subsample corresponding the chosen (n(()D),n(OO)) combination and performs
the analysis like Duan and Wang (2016), which invokes a result of Chernozhukov and Hong (2003)
to justify the use of the SMC sample for asymptotic inference because the information equality
holds when the correctly specified likelihood function is the target.* For the 10 sectoral pairs of

credit cycle indices, we estimate the model in the same way.

The monthly time series of these 22 indices extracted from the CRI corporate PD database of
the National University of Singapore cover the sample period of January 1996 to December 2015,
which spans a longer period than the S&P rating migration data from the ESMA database which
are available on a semiannual frequency and, at the time of data extraction, spans the period from
2000 to 2015.

Table 1 contains the estimation results for the dynamics of these 22 credit cycle indices. As
expected, all 22 credit cycle indices are highly autocorrelated as reflected in either 511 or [ao,
whereas the cross correlations are weak as revealed by (12 or 2. The local-momentum effect is
clearly present in both global PD and POE indices and it is the local-momentum building type
as defined in Duan (2016), meaning that the stochastic process likely continues its recent upward
or downward trend, because w(P) and w(©) are significantly negative. For sectoral PD and POE
indices, the results on local momentum are mixed with some estimates of w being statistically

4The SMC sample size will be increased to a level at which at least 1,000 parameter values are obtained under
the best (néD),nEO)) combination. This is achieved by starting with an initial SMC sample of 1,000 parameter
values and later increasing the SMC sample size to the desired level by applying the k-fold duplication idea of Duan
and Zhang (2016), which can avoid going through the density-tempering steps. The sample standard deviation for
each parameter is then computed. Different from Duan and Wang (2016), however, we use the maximum likelihood
estimator produced by the SMC procedure. To increase the precision of the SMC maximum likelihood estimate, we
apply data cloning in the spirit of Lele, et al (2007) and Lele, et al (2010) to raise the power of the likelihood function
(doubling each time) until the SMC maximum likelihood value is stabilized to the point where its log value can no
longer be increased by more than 0.01.



Table 1: Parameter estimates for each pair of credit cycle indices as in equation (1).

2
o = [ A1 } B = [ P Pra ], Q= { 71 p1202102 . Standard errors are in parentheses.

a2 P21 B2z p120102 oy

Industry sector n<D>(months) w®) o B11 B2 o1
Global 2 -0.5431 -0.3000 0.9763 -0.0129 0.1149

(0.1315)  (0.3017) (0.0170)  (0.0696)  (0.0449)
Financial 15 -0.0488 -0.0020 0.9441 0.1800 0.0491

(0.0611)  (0.0029) (0.0169) (0.0858)  (0.0020)
Basic Materials 2 -0.1672 0.0020 0.9703 0.0592 0.0581

(0.0973)  (0.0037)  (0.0167) (0.0399)  (0.0027)
Communications 2 -0.6979 0.0008 0.9458 0.1029 0.0857

(0.1803)  (0.0055) (0.0194) (0.1018)  (0.0462)
Consumer Cyclical 2 -0.2602 -0.0012 0.9383 0.0397 0.0361

(0.1336)  (0.0023) (0.0238)  (0.0602)  (0.0451)
Consumer Non-cyclical 24 -0.2264  -0.0005 0.6843 -0.0876 0.0348

(0.0463)  (0.0022) (0.0586) (0.1267)  (0.0016)
Diversified 3 0.1493 0.0020 0.8731 0.1646 0.0892

(0.1092)  (0.0058) (0.0367)  (0.0958)  (0.0453)
Energy 3 -0.2146 0.0049 0.9995 -0.1307 0.1194

(0.1104)  (0.0077) (0.0253) (0.1554)  (0.0459)
Industrial 4 -0.0692 0.0010 0.9196 0.0248 0.0282

(0.0751)  (0.0018)  (0.0256) (0.0532) (0.0458)
Technology 2 -0.6111 -0.0016 0.9343 0.0109 0.1001

(0.1740)  (0.0065) (0.0220)  (0.0693)  (0.0456)
Utilities 36 0.0818 0.0237 0.9745 -0.0899 0.1005

(0.0819)  (0.0089) (0.0124) (0.1187)  (0.0046)
Industry sector (9 (months)  w(? s Ba1 B2z o2 P12
Global 8 -0.0724 -0.1168 0.0034 0.9740 0.0229 0.6283

(0.0208)  (0.0603) (0.0035) (0.0138) (0.0450)  (0.0396)
Financial 10 -0.1324 -0.0002 0.0051 0.9476 0.0086 -0.0363

(0.0422)  (0.0006) (0.0031) (0.0184) (0.0004) (0.0643)
Basic Materials 5 0.0836 0.0024 -0.0000 0.9970 0.0152 0.4094

(0.0667)  (0.0010)  (0.0044)  (0.0109)  (0.0007)  (0.0556)
Communications 4 0.0500 -0.0005 0.0017 0.9725 0.0144 0.3065

(0.0530)  (0.0009) (0.0030) (0.0172)  (0.0451) (0.0594)
Consumer Cyclical 3 0.1258 -0.0003 -0.0049 0.9786 0.0094 0.3021

(0.0947)  (0.0006) (0.0058) (0.0165) (0.0456)  (0.0595)
Consumer Non-cyclical 8 0.0442 -0.0000 0.0104 0.9292 0.0065 0.2138

(0.0554)  (0.0004) (0.0053) (0.0276)  (0.0003)  (0.0630)
Diversified 5 0.1776 0.0015 0.0079 0.9374 0.0187 0.2621

(0.0709)  (0.0012) (0.0073) (0.0207)  (0.0436)  (0.0606)
Energy 18 -0.0217 0.0003 0.0172 0.8860 0.0174 0.1996

(0.0426)  (0.0011)  (0.0033) (0.0205) (0.0453)  (0.0626)
Industrial 22 -0.0406 0.0002 0.0118 0.9503 0.0088 0.2073

(0.0774)  (0.0006)  (0.0074)  (0.0179)  (0.0521) (0.0627)
Technology 13 -0.0174 -0.0009 0.0069 0.9823 0.0141 0.2760

(0.0473)  (0.0009)  (0.0032)  (0.0098)  (0.0450)  (0.0607)
Utilities 3 -0.1456 -0.0002 0.0071 0.9012 0.0212 0.1018

(0.1031)  (0.0013)  (0.0027) (0.0296) (0.0010)  (0.0640)




insignificant. Among the significant ones, some are negative and others are positive. When w
is positive, it is considered to be the local-momentum preserving type according to Duan (2016),
suggesting that the stochastic process likely hovers around its current level.

Although estimates for pio’s are available from the pair-wise estimation, we do not use these
correlations in the later application, because the residuals of the 22 series are allowed to be correlated
beyond just the pairwise correlation under the model in equation (1). Next, we will elaborate on
a practical way of estimating the overall correlation matrix of these 22 residuals while eliminating
spurious correlations due to sampling errors.

We use a thresholding regularization procedure similar to Bickel and Levina (2008), Rothman,
et al (2009), Cai and Liu (2011), and Duan and Miao (2015). First note that our task is simpler
because the sample correlation matrix in our case is always positive semidefinite arising from the
fact that missing data does not occur in these credit cycle indices. Thresholding is to apply a
minimum magnitude, denoted by p;,, to correlations so that correlations with a smaller magnitude
are set to zero. We identify the optimal p,, through cross-validation with L random splits of
the sample into two subsets. For each random split, the data matrix, say, Z, is divided into the
training set Z; and the validation set Zy, where the sample sizes (77 and T) are determined by
Ty =T/In(T) and Ty = T — T». For the I-th split, igp ) denotes the resulting correlation matrix
after applying thresholding to the sample correlation matrix computed from the training dataset,
whereas f]gl is the sample correlation matrix based on the validation data set. The best threshold
value, p},, is the solution to the following problem:

* (Pm, (l H
argmin — 2 E 2
pin = axgm Z 5 i @)
where || - ||p stands for the Frobenius norm. We set L = 10 in our later implementation. The

correlation matrix for the 22 residuals estimated with the thresholding technique is not presented
here to conserve space.

2.2 Linking default/other-exit rates to credit cycle drivers

Let Xt(D) be the 11-dimensional row vector containing the PD-based credit cycle indices after
exponentiation; that is, Xt(D) = [exp(XO(?)*), exp(Xfﬁ))*), e ,exp(ngz*)]. Similarly, Xt(o) be
the 11-dimensional row vector containing the POE-based credit cycle indices after exponentiation,
which is Xt(o) = [exp(X(()g)*), exp(ng)*), e ,exp(ngz*)]. Note that exponentiation is to bring the
22 transformed credit cycle indices back to their original levels to match better with the dependent
variables in the following Tobit regressions. We assume that one-period default and other-exit rates



can be modeled by the following Tobit model: for k =1,2,--- K andt=1,2,---,

O DY) =apy+ (Zjlfo*l Xff)]?s) Bok+eprs if DY) >0 3)
ot 0 it D" <0
* — o . *
o O = aon+ (X)L X19),) Bok +cope i O >0 "
ot 0 it 0" <0
where Bpr = (Bpk,1, s PD,kp) is the 11-dimensional regression coefficients, and ep ¢ is a nor-

mally distributed innovation term with mean 0 and standard deviation op . Bo and €o ;s are
similarly defined. €p j; and €p ¢ are assumed to be independent over time, but may be contem-
poraneously correlated. The regressors are the sums over 1/s subperiods in order to accommodate
a likely mixed-frequency situation in practice where, say, the credit risk cycle drivers are avail-
able monthly but the realized default and other-exit rates are semiannual so that s = 1/6. The
default/other-exit rates realized over half-a-year would not have been well captured by the credit
risk cycle variables if one had only focussed on their period end values. We adopt a Tobit model
because a high credit quality cohort often experiences zero realized default rates. When a time
series for a cohort contains too many zero default rates, there may be an identification problem.
Merging into another cohort or finding a sensible substitution time series seems to be sensible op-
tions. The latter is adopted in our implementation for the AAA, AA and A cohorts of the S&P
ratings.

We extract realized default and other-exit rates from the ESMA database on the S&P long-term
corporate issuer ratings, which at the time of extraction spans the period from 2000 to 2015. Data
up to the semiannual frequency are available, and we consider seven rating cohorts (AAA, AA, A,
BBB, BB, B, and CCC/CC/C) before default or other exits. The default rate is directly available
from the ESMA database, but the other-exit rate is deduced by one minus the sum of the default
rate and the migration rates for the seven rating cohorts.?

Semiannual default rates for each of the four rating cohorts (BBB, BB, B, and CCC/CC/C)
are regressed on the 11 PD-based credit cycle indices where the indices are sampled monthly but
averaged semiannually to match the frequency of the dependent variable. For the top three credit
quality cohorts (AAA, AA and A), the time series of semiannual realized default rates are either
all zeros or contain only a few non-zeros, and thus running a Tobit reqression on these series would
be meaningless. We replace these three time series with the average model PDs extracted from the
CRI corporate PD database, which are naturally non-zeros, where the comparable AAA, AA and A
categories are determined by a PD-implied rating method using linearly interpolated/extrapolated
boundary values derived from the S&P historical average default rates.® We create these substitute

5The ESMA database reports separately the CCC, CC and C categories, but we follow the S&P 2014 report, “An-
nual Global Corporate Default Study and Rating Transitions,” to combine these three categories into one. Actually,
the S&P long-term corporate issuer ratings does not have the C category, and the numbers reported in the ESMA
database are rarely non-zeros in this category.

5For technical details, please refer to the PDiR methodology in RMI-CRI Quarterly Credit Report, National
University of Singapore, Q4,/2015, page 115.



series by the following three steps: (1) identify the group of obligors belonging to a cohort, say,
AAA six months prior to time ¢ according to the PDiR methodology and discarding those who
experienced other exits over the half-a-year period, (2) compute monthly the median one-month
PDs leading to time t, i.e., t — %, cee bt — %,ti and (3) sum up the six median PDs to arrive at a
non-zero proxy value for the realized default rate over the six-month period ending at time t.

For semiannual other-exit rates, a similar regression on the 11 POE-based credit cycle indices is
run for each cohort. Since the other-exit rate series for any cohort always contains many non-zeros,
there is no need to find a substitute time series for any rating cohort.

The Tobit regression is estimated with the adaptive Lasso penalty to avoid over-fitting due to
too many regressors. We choose to incorporate the adaptive Lasso penalty by Zou (2006) into the
Tobit regression because the adaptive Lasso retains the oracle property. When coupled with with
the convexity formulation of Tobit model by Olsen (1978), the estimation remains to be a convex
minimization problem for which a unique global solution exists. The suitable level of penalty, i.e.,
the tuning parameter, is determined by the BIC criterion.

Table 2: Summary of the Tobit regression results for default and other-exit rates for different rating
cohorts (with the adaptive Lasso regularization and the BIC selection of the tuning parameter)

Panel A. Defaults

Industry sector AAA AA A BBB BB B cce/ce/c

Constant 370 x107% 796 x107% 7.55x107°  9.59 x 107° —0.0026  —0.0066 0.0807

Global 4.36 x 107* 0.0125 0.0692 3.4806 1.6636 41.7971 175.8512

Communications 4.67 x 107*

Consumer Cyclical —0.0487

Consumer Non-Cyclical 0.0473

Utilities —-3.07x 107*

R-Squared 0.1987 0.3259 0.3398 0.6746 0.3958 0.7537 0.7579
Panel B. Other Exits

Industry sector AAA AA A BBB BB B ccce/cc/e

Constant —1.3346 0.0354 0.2488 —0.1560 0.0473 0.0509 0.0602

Global 6.1435

Financial 0.0364

Communications —0.0252

Consumer Cyclical 0.0505 0.0257

Consumer Non-cyclical 0.1379

Diversified 0.0207

Energy 0.0125

Industrial —0.0298 —0.0278 —0.0372

Technology 0.0328

R-Squared 0.7828 0.4903 0.4441 0.1771 0.0000 0.0000 0.0000

Note: Only the coefficients for the Lasso chosen credit cycle indices are presented.

"The defaulters during any of the six monthly periods are assigned a PD of 1.
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The Tobit model estimation results are summarized in Table 2. Evidently, realized default rates
in all cohorts (or their proxy values for the AAA, AA and A cohorts explained earlier) are positively
related to the global credit cycle PD index as reflected by the results in Panel A. For some cohorts,
the results show that they are also related to some sectoral credit cycle PD indices. Note that
some coefficients are negative because the sectoral credit cycle indices have been orthogonalized
to the global credit cycle index. The explanatory powers indicated by R? of the Tobit regression
are computed from the residual variances using the two expected values under the Tobit model
with and without regressors. The lowest R? is about 20% corresponding to the AAA category,
whereas the largest explanatory power is at 76% for the riskiest rating cohort. These results are
quite intuitive, and suggest that the Tobit model works fairly well in relating the default experience
to the credit cycle indices.

The Tobit regression results for the other-exit rates show a quite different pattern. The AAA
cohort’s other-exit rate responds to the global and almost all sectoral POE credit cycle indices with
a very high R? (close to 80%), but other cohorts respond less as one moves down in the credit
quality. In fact, once the credit rating drops below the investment grade, the other-exit rate is no
longer connected to the POE credit cycle indices at all, i.e., zero R?. One may argue that this is
expected because the reason for not getting a S&P rating for better rated cohorts has more to do
with merger/acquisition activities. For firms below the investment grade, not paying for a credit
rating that clearly reveals one’s poor credit quality is obviously a sensible decision.

3 Dynamic Point-in-Time rating migration matrices

The rating migration among the (K +2) categories from time ¢ to t+7 is driven by a (K +2) x (K +2)
time-dependent transition probability matrix, which is a conditional expectation at time ¢ of future
migrations driven by stochastic one-period default and other-exit rates, which are in large part
determined by by how they react to the credit cycle indices, Xt(D) and Xt(o), over the period of ¢
to t 4+ 7. Specifically,

t+T1
Sy(1) = E; ( H Ril,i) (5)

i=t+1

where R;_1; is defined as

(D), 0y (D), 0 ax(D, 08y D) o) ]
1
e (D), 08))  aea(DSY, 05)) i (DY), 08)) DY) Of)
1) O © Oy O AWy D) A ©)
4K1 (DK,i> OK,i) ‘J22(DK,i7 OK,i) T qKK(DKJ’ OK,i) DK,i OK;L'
0 0 0 1 0
I 0 0 0 0 1

The entries in the second to the last row of R;_1;, i.e., corresponding to the category of
defaulters, are fairly obvious, but the last row requires explanation. When tracking a static pool
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of obligors over some horizon of interest, there are no new entries into any one of the first K
cohorts, and thus those transition probabilities should equal zeros by definition. This is precisely
the migration matrix needed for determining the PIT-PDs facing the existing obligors. This is
also the migration matrix appropriate for generating expected default rates, over multiple periods,
faced by a fixed set of obligors in any of the K cohorts. The migration matrix can in turn be used
in parameter estimation to center observed realized default rates at their corresponding theoretical
default rates.

In order to define ij(Dé}i), Oj(ll)) forj=1,---,Kandk=1,--- K, welet Q;_1,; denote them,
which is the top-left k x k submatrix of R;_1 ;. The following rather general specification is adopted:

Qi1 = diag (IN;) [A - €xp (diag(Dz(l)*)B)] (7)

where diag(-) and “” respectively denote the operator of making a column vector into a diagonal
matrix and performing an element-by-element multiplication of two matrices, exp(-) stands for

an element-by-element exponentiation, Dz(l)* = [Dgll) /Dgl),Dgi) /Dél), e ,Dg)i /Dg)]’ with Dj(.l)

(1)

denoting the time series average of Dj7 over ¢ which are all positive, and IN; is a K-dimensional

()

7
)

RowSum; {A-e)&p (diag(DEl)*)B) }

column vector with element j equal to , and finally A and B are as

follows:
1 a2 - @ik 0 biz -+ bk
a a.21 1 QQ.K B _(.)21 0 R
aK1 ag2 - 1 —b.Kl —5K2 e 0

In the above, a;; > 0 because the migration probabilities should not be negative, and b;; > 0 to
utilize the intuition that a higher (lower) default rate is expected to be associated with higher
migration rates to lower (higher) rating categories so that parameter values to the right (left)
of the diagonal need to be positive (negative). Moreover, one expects their magnitudes to be
monotonically decreasing further away from the diagonal. The diagonals of A and B are with the
assigned values for the identification purpose, because an arbitrary diagonal in A could yield an
exactly same outcome through a compensating adjustment in IV;. Likewise, the diagonal of B is
set to zero because adding an arbitrary constant to any row would yield the same outcome again
by a compensating adjustment in IN;. Note that when aj; is set to 0, its corresponding value for
b;i, naturally becomes irrelevant and can be set to 0 for convenience.

In the above formulation, one-period migration from one cohort to any other is permissible.
It is straightforward to verify that all g, (DJ(.’Ii), Oj(lz)) are non-negative and Zszl qjk(D](-}i), Oj(-}i) ) +
Dj(-li) + O‘gli) =1forj=1,2,---, K so that it is a legitimate stochastic rating migration matrix that
responds to changes in the realized default rates for different cohorts. The above specification is
motivated by a combination of definition and intuition. The to-be-realized default rate of a cohort
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is, by definition, the fraction of the obligors in this cohort that jump to default over the coming
period. Similarly, this applies to the to-be-realized other-exit rate. For migration to other cohorts,
the default rates over the coming period are not directly tied to their migration probabilities, but
are likely informative; for example, a higher (lower) to-be-realized default rate intuitively suggests
that a higher fraction of obligors in a cohort are expected to migrate to next cohort indicated by a
lower (higher) credit quality. One would expect a higher migration probability in either direction
for moving one cohort than two, which can be reflected in the magnitude of b;; being decreasing
further away from the diagonal. The above stochastic migration matrix contains at most 2(K —1)?
unknown parameters in A and B. When the modeling situation warrants, migration possibilities
can be reduced to, say, at most two cohorts over one period, which can be easily accomplished by
setting to zero all entries beyond two levels off the diagonals of A in either direction.

Dynamic S;(7) defined in equation (5) can be computed concurrently by Monte Carlo simula-

tions for all cohorts using the values at time ¢ for Xt(D), Xt(o)7 D,glz and O,ilg fork=1,2,--- K.

The system defined in equations (1)-(3) can be used to generate future paths of Xt(D) and Xt(o), and

then D,glg and O,(:g for k=1,2,---, K, which in turn determines R;_1; for ¢ = t+1,t+2,--- ,t47.
Note that future values of Xt(D) and Xt(o) are simulated at a higher frequency, say, monthly, whereas
those of D,(Clg and O,glz for k = 1,2,--- , K are generated, say, semiannually. Repeat the simula-
tion, say, 1000 times and compute the average of the stochastic matrix, Hfig 41 Ri—1,, for each of
targeted 7 to arrive an Monte Carlo estimate of Sy(7).8

Estimation of 8, which stands for the set of parameters in A and B, can utilize recorded realized
rating migration matrix over horizon [¢,t+7;] denoted by M;(r;) fori =1,2,--- ,m. M;(7;) should
be understood as a K x (K + 2) matrix, recording migration rates from K rating cohorts to K + 2
outcomes (K rating cohorts plus the default and other-exit categories). Perform a nonlinear least
squares estimation by pairing M;(7;) with the corresponding K x (K + 2) submatrix of Sy(7;) over
the sample period. If only some entries of M,(7;) are available, say, realized default rate (i.e., the
(K + 1)-th column of M;(7;)), estimation can just focus on comparing the values in this column.
In the following exposition, we assume the whole matrix is available.

Since users may want to limit the number of parameters immediately off the diagonal of A and
B, we define the left and right index limits: k;(j) = min(j — k*,1) and k,(j) = max(j + k*, K) for
row j where k* is the maximum number allowed, for example, two. Estimation is to maximize the

8We found that 100 simulated paths sufficient for the estimation of A and B using the S&P credit migration
data, but one may need to use more simulation paths in order to obtain smoother estimates of S¢(7) for certain
applications.
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following pseudo-likelihood function:
L(gv /ll}(l)’ ¢(2>7 e 7’(/)(m>7 Dl:T)
1
[T tT:_1Ti Hlic(:l HlI:fl V27 (3)
2
m T-1, K K+1 <Mt(k’l)(7'i) — St(k’l)(Ti; 0))

X exp —Z Z Z Z 207,(3) (8)

i=1 t=1 k=1 I=1

>0 forj=1,2--- K, and k=k(j), ki(j)+ 1, - , k. (y)
=0 otherwise
Yp(t) >0fori=1,2,--- ' m, k=1,2,--- K, and [ =1,2,--- K +1

subject to i {

where Di.p denotes the data set from time 1 to T, which comprises My(7;) for t = 1,2,--- | T
and i = 1,2,--- ;m. 6, which stands for the set of parameters in A and B, is added to S¢(7;)
to emphasize dependency on 0. The superscript (k,[) is used to indicate an element of Sy(7;;0)
and M;y(7;). Note that we only run the index up to K + 1 because by definition any row sum of
either Si(7;;0) or My(7;) equals 1, which naturally removes one degree of freedom. The nonlinear
regression errors can potentially be captured by (i), a K x (K + 1) matrix of parameters for
horizon 7;. However, that could be excessively general for practical usage, and we thus adopt a
more restricted but sensible form in the later application.

Although S;(7;;0) is computed by Monte Carlo simulation, the likelihood function can be dif-
ferentiable in parameter @ if common random numbers are used in evaluating the pseudo-likelihood
function when the parameter value is varied. A gradient-based optimization method can in principle
be deployed to perform this nonlinear least squares estimation. Due to a large number of parame-
ters, we again resort to the density-tempered SMC method to tackle the estimation task. When 6
is known, the optimal @ can be analytically solved. Hence, the SMC algorithm is implemented to
take advantage of this feature. The statistical inference in this case is more complicated, because
the pseudo-likelihood function in equation (8) is created by making predictions at a time point
over several overlapping horizons. In short, the information equality as described in Chernozhukov
and Hong (2003) no longer holds to justify a direct use of the SMC sample to perform inference.
Thus, we need to rely on the standard sandwiched estimator to obtain the standard error, and the
gradient and Hessian are computed numerically.

The semiannual time series of My (7;) for the S&P ratings are extracted from the ESMA database
for six horizons (7 equals 6 months, 1 year, 2 years, 3 years, 4 years and 5 years) and seven rating
cohorts. We allow at most two non-zero parameters immediately off the diagonal of A and B, i.e.,
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k* = 2. Thus, we have set

1 a1 ais 0 0 0 0 0 b12 b13 0 0 0 0

asy 1 a23 a4 0 0 0 —b21 0 523 524 0 0 0

a1 azp 1 azyy azz 0 0 —b31 —bzz 0O bsa b3 0 0

A= 0 a42 Q43 1 ass Q46 0 B = 0 —b42 —b43 0 b45 b46 0
0 0 as3 asa 1 ase asy 0 0  —bsg —bsa O bsé  bst
0 0 0 a4 Qg5 1 ae7 0 0 0 —b64 —b65 0 b67

0 0 0 0 ars  QTe 1 | L 0 0 0 0 —b75 —b76 0

In addition, we have adopted the following restricted error structure, which recognizes that
the diagonal values are supposed to be larger than others, the off-diagonal values become smaller
further away from the diagonal, and the default rates in column eight are cohort-specific which
particularly true for lower rating categories:

Y1 (r)  ra(7) %3(7) ¢13(T) P13(7) 1/113(7) Y13(7) 1#18(7)
Yr2(1) P1a(r) ia(r) Yus(r) Pis(r) is(r) is(r) ¢is(7)
P13(1) P1a(m) Yu(7) Yi(r) Pas(m) is(r) Yis(r) ¢as(7)
Y(T)rxs = | 13(7) 13(7) ¥12(7) ¥1i(7) vi2(7r) Yi3(r) Yi3(7) Yas(7)
Y13(1) h1s(r) P13(7) ¢12(7) P11(7) Pra(7) as(r)  ss(T)
Y13(1) P13(7) as(7) as(m) via(r) Yu(r) ia(r) es()
Y13(7) Y13(7) is(m) as(m) Yus(7) Yi2(r) ¥n(r) rs(r)

With seven rating cohorts, the total number of non-zeros parameters in € equals 44. Adding
the 8 parameters in 1 for each of six horizons (restricting AAA, AA, and A cohorts to share the
same regression error on column eight) yields a grand total of 92 unknown parameters.

The estimated coefficient matrices A and B based on the semiannual frequency are presented
in Table 3 with their standard errors in parentheses. These estimates are intuitive, showing that
immediately off-diagonal elements are larger in magnitude and suggesting migration to the nearest
cohort is not only more likely (A matrix) but also more sensitive to the realized default rate (B
matrix). Also presented in Table 3 is @ matrix. The estimates are consistent with the intuition
that the model error becomes larger for a migration over a longer period, i.e., increasing .

4 Point-in-Time and Through-the-Cycle PDs

Si(7) is the spot PIT 7-period rating migration matrix at time ¢, and its (K +1)-th column provides
the corresponding spot PIT-PDs for different cohorts. The forward PIT 7-period rating migration
matrix at time ¢ and forward starting at time ¢ + s, denoted by Fi(s,7), can be computed with
Fy(s,7) = [Si(s)]"1S¢(s+7). This matrix can be understood as providing at time ¢ rating transition
probabilities over the period from ¢+ s to ¢ + s+ 7 for each of K cohorts. The (K + 1)-th column of
F(s, ) provides the dynamic forward PIT 7-period PDs at time ¢ that credit risk analysts are after,
and naturally the same column of F3(0,7) can be understood as the dynamic spot PIT 7-period
PDs. For the IFRS9 application, for example, the time-t probability of surviving s years and then
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Table 3: Estimated parameters for the dynamic point-in-time rating migration matrices

A cl c2 c3 c4 cH c6 c7
rl 1 0.0057 0.0049 0 0 0 0
(0.0031) (0.0013)
r2 0.0020 1 0.0159 0.0014 0 0 0
(0.0024) (0.0011) (0.0008)
r3 0.0022 0.0336 1 0.0007 0.0004 0 0
(5.18 x 107°) (0.0037) (0.0001) (6.19 x 107°)
4 0 6.47 x 10710 0.0224 1 0.0154 0.0017 0
(4.68 x 107?) (0.0016) (0.0015) (0.0003)
5 0 0 1.00 x 107° 0.0375 1 0.0127 0.0018
(1.48 x 107°) (0.0066) (0.0055)  (0.0001)
6 0 0 0 1.68 x 10711 0.0411 1 0.0270
(6.69 x 107°) (0.0084) (0.0028)
7 0 0 0 0 0.0027 0.1504 1
(0.0010) (0.0190)
B cl c2 c3 c4 ch c6 c7
rl 0 1.3701 0.0985 0 0 0 0
(0.2984) (0.1843)
r2 -0.2639 0 0.9987 0.6976 0 0 0
(0.5409) (0.0771) (0.3435)
r3 -0.6505 -1.1085 0 2.8747 1.5003 0 0
(0.1017) (0.3806) (0.1604) (0.1022)
4 0 -0.0153 -0.3027 0 0.2303 0.1891 0
(0.3423) (0.2071) (0.0285) (0.0314)
5 0 0 -0.0128 -0.1430 0 0.8573 0.7620
(0.3103) (0.2706) (0.1727)  (0.2591)
6 0 0 0 -0.0819 -0.1400 0 0.2672
(0.2233) (0.2964) (0.0725)
7 0 0 0 0 -0.0439 -0.1276 0
(0.2865) (0.1766)
P(1) P11 P12 P13 P1s as P58 P68 s
=1 0.0625 0.0431 0.0019 0.0004 0.0010 0.0018 0.0096 0.0387
(0.0098)  (0.0080) (0.0002) (0.0001) (0.0002) (0.0004) (0.0016) (0.0056)
=2 0.0840 0.0567 0.0044 0.0007 0.0020 0.0065 0.0273 0.0585
(0.0094)  (0.0075)  (0.0005) (0.0001) (0.0004) (0.0017) (0.0046) (0.0076)
r=4  0.1015 0.0664 0.0110 0.0018 0.0055 0.0187 0.0573 0.1193
(0.0089)  (0.0092) (0.0014) (0.0003) (0.0008) (0.0032) (0.0068) (0.0107)
=6 0.0987 0.0684 0.0139 0.0034 0.0091 0.0285 0.0736 0.1381
(0.0082)  (0.0089) (0.0018)  (0.0006) (0.0014) (0.0052) (0.0078) (0.0135)
=8  0.1029 0.0719 0.0170 0.0048 0.0111 0.0320 0.0799 0.1467
(0.0101)  (0.0101) (0.0028) (0.0008) (0.0016) (0.0057) (0.0079) (0.0152)
=10 0.0962 0.0712 0.0212 0.0059 0.0120 0.0347 0.0817 0.1601
(0.0118)  (0.0101)  (0.0031)  (0.0009) (0.0014) (0.0055) (0.0088) (0.0160)
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Figure 1: Forward PIT 6-month PDs for BBB and B cohorts for various forward starting times at
the end of September 2008.
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defaulting in the subsequent year can be computed in two ways, which equals the (K +1)-th column
of [Sy(s+1) — S(s)] for K rating cohorts or alternatively S;(s)p1.x,1.x] X Fi (8, 1)1: K,k +1:x+1] Where
[i : j,k : 1] defines the range of a sub-matrix.

The forward PIT-PDs implied by our model exhibit a term structure effect much like forward
interest rates, and this can be clearly seen in Figures 1 and 2 where 6-month PDs for the BBB and
B rating cohorts for various forward starting times are plotted for two time points (September 2008
and December 2015). Note that the forward 6-month PDs for the BBB rating are referenced to the
left vertical axis whereas those for the B rating use the right one. Not at all surprising is to find the
forward PD term structure downward sloping in September 2008 right after the Lehman Brothers’
bankruptcy, suggesting a calmer future vis-a-vis the current turmoil. In contrast, the forward PD
term structure are upward sloping, indicating a higher default risk in the future.

A credit cycle is defined as over N periods, which may, for example, be regarded as 10
years. The TTC 7-period rating migration matrix at time ¢ can be understood as S;(7, N) =
% Zfi 1 Ei[Si4i—1(7)], which is an average over time of expected future spot PIT migration matri-
ces. The (K + 1)-th column of S;(7, N) provides the corresponding TTC-PDs for different cohorts.
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Figure 2: Forward PIT 6-month PDs for BBB and B cohorts for various forward starting times at
the end of December 2015.
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Table 4: Forward-looking TTC 1-year PDs vs. historic average TTC 1-year PDs where the PDs
are in basis points.

‘ Forward-looking  Historical ‘ Forward-looking  Historical

Rating ‘ December 2008 (10-year cycle) | December 2015 (10-year cycle)
AAA 0.02 0.00 0.01 0.00
AA 0.38 1.43 0.30 1.21
A 2.55 8.12 2.18 3.41
BBB 17.71 22.61 2.85 10.62
BB 47.92 96.68 35.18 31.90
B 537.96 436.52 325.61 218.63
CcCe/Ccc/C 3616.50 2261.08 2915.05 2327.92
Rating ‘ December 2008 (5-year cycle) | December 2015 (5-year cycle)
AAA 0.02 0.00 0.01 0.00
AA 0.44 2.42 0.29 0.00
A 2.83 4.03 2.13 0.00
BBB 28.85 6.77 2.19 1.26
BB 55.42 35.84 32.94 11.70
B 695.52 149.24 298.99 164.92
cce/ce/c 4129.70 1657.52 2897.87 2463.58

The TTC-PDs are time-varying to reflect the phase of a credit cycle, but the variations are expected
to be smaller due to averaging over the credit cycle. Without a theoretical model, the TTC-PDs are
often approximated by the total count of one-year transition from one particular cohort to another
divided the total sum of the obligors in the starting cohort over, say, 10 years. Alternatively, one
can simply ignore the variation in the number of obligors over differ rating cohorts and over time
to just adopt the average T-period realized default rate computed over, say, 10 years.

We consider a theoretical TTC 1-year credit rating migration based on a 10-year cycle; that is
S,(2,20) because the 1-year rating migration amounts to two 6-month periods and the 10-year cycle
corresponds to 20 6-month periods in our empirical implementation. This theoretical TTC 1-year
migration matrix at an evaluation time is forward-looking and computable to any degree of accuracy
(increasing the number of simulation paths). It can be compared with the backward-looking TTC
1-year migration matrix computed per usual, which is the total count of 1-year transition from one
particular cohort to another divided the total sum of the obligors for that starting cohort over the
10-year period immediately prior to the evaluation time.

Table 4 provides a comparison of TTC (10-year cycle) 1-year PDs for all seven S&P rating
cohorts under the forward-looking model and backward-looking historical average in December
2008 and December 2015, respectively. Evidently from these results, the forward-looking and
backward-looking TTC-PDs are quite different particularly for the lower credit quality categories,
and the differences are more pronounced in December 2008 when the credit cycle was at around its
peak vs. December 2015 when credit risk had subsided. In order to see the effect due to the length
of a credit cycle, we conduct the same comparison except for shortening the presumed cycle length
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to 5 years. The results in Table 4 show clearly that the differences between the forward-looking
and backward-looking TTC-PDs become much larger, a result that can be anticipated because the
averaging effect becomes stronger when the cycle length is longer.
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